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Introduction. 

§ 1. This paper is an attempt to show how the singular solutions of simaltaneous 
ordinary differential equations are to be found either from a complete primitive or 
from the differential equations. 

The Za^/^e?^ question has been treated by Mayer (^Math. Ann./ vol. 22, p. 368) 
in a somewhat different way, but with the same result. He also gives a reference to 
a paper in Polish by ZAjAgzKOWSKi (summarized in vol. 9 of the ' Jahrbuch der Fort- 
schritte der Mathematik), and to one by Serret in vol. 18 of ' Liouville's Journal.' 

The general result is that there may be as many forms of solution as there are 
variables (the differential equations being of the first order, to which they may 
always be reduced). Each form is derived from the one before by the process of 
finding the envelope, and each contains fewer arbitrary constants by one than the 
form from which it is directly derived. 

The general theory is given in §§ 2, 3, and in § 4 it is shown how the singular 
solutions are to be formed from the differential equations themselves. In §§ 5-9 
the theory is connected with that of consecutive solutions belonging to the complete 
primitive. §§ 10-13 are taken up with geometrical interpretations relating to plane 
curves and also to curves in space of n + 1 dimensions, n + 1 being the number of 
variables. In §§ 14-16 the case is discussed in which a system of singular solutions 
is included in a former system or in the complete primitive. 

The rest of the paper contains the application of the theory to certain examples. 
The first example (§§ 17-21) is the case of the lines in two osculating planes of a 
twisted curve, and in particular of a twisted cubic. The pai-ticular example is given 
by Mayer and Serret. The second {§§ 22-26) is that of the congruency of comm^on 
tangents to two quadric surfaces, and generally (§§ 27-38) of the bitangents to any 
surface. The third (§§ 39-50) is that of the essentially different kind of congruency 
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which consists of the inflexional tangents to a surface. It seems natural to call 
these two kinds of congruency hitangential and injiexional respectively. The fourth 
example (§§51, 52) is that of a system of conies touching six planes. The fifth 
(§§ 53-56) is that of a doubly infinite system of parabolas in one plane, the differential 
equation being a case of an extension of Clairaut's form y =• px +/'(p), which is 
explained in §§ 53-55. 

General Theory. (§§ 2, 3.) 

§ 2. Suppose that we have n ordinary simultaneous differential equations, involving 
one independent variable x, and n dependent variables 3/^, 3/2, .. . Vm with their first 
differential coefficients p^, p^? • • • Pn' 

The '^ complete " solution of such a system will consist of n equations involving 

x^ 2/iJ 2/2? •• • Vn^ '^^^ ^^ arbitrary constants, c^, Cgj . . . c«. 

Suppose that such a solution is known. The question then arises, ^^ Are there any 
other solutions which it does not include ? " This is the question that we now seek 
to answer. 

If we take the differential equations in the form 

Jr v^? ^1? 2/2? ♦ ' • Vn^JPiy ' * ' P^u ^^ '^ \/r =■ i^ ^ . * , UJ . . . . yL. J 

and the integrals as 

F;. (x, yi, , ^ ^ yn., Cj, . . . c,) =:: (r = 1, 2 . . . 7^) . . . . (H-)? 

we have by differentiating 

gf + i^ia^; + ---+p^^^==o 0'=i'2...ti . . . (HI). 

Let the svstem 

K (^, ^1? • • • Vn) = [r = 1,2 , , ,n) , . . . . . (IV.) 
be an integral of (I.). 
From (IV.) we derive 

l+^.|+-+'''%:='' ('■=i.^--") • • • ■ w- 

By eliminating pi, . . , p,^ from (HI.) and (V.) we find such values of c^, c^, . . . c^ as 
wilUnake (111.) and (V.) equivalent^'^; but if the values of p^, . . .p. given by (III.) 

* This argument must be somewhat modified if the equations (III.) are not enougli to give the 
values of c^, Co, . . . c«. Suppose that m independent equations, and no more, can be formed from (lit.) 
not containing the quantities c^, . . . c„. These equations must be included in the system (I.), and are 
therefore equally satisfied (possibly in virtue of (lY.)) by the values ofpi, . . .pn given by (Y.). 

The other n-m equations of the system (III.) may then be transformed by substitution of the values 
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and (V.) respectively are substituted in (I.), the results are respectively equivalent to 
(11.) and {IV. ). Hence (II.) and (IV.) are also made equivalent, and therefore (IV.) 
may be derived from (II.) by substituting appropriate functions of x for c^, . . . c,^. 
Hence, by subtracting (III.) from the derivative of (11.), we have 

n 8F.. clc 

Thus, unless c^ % . . . Gn are all constants, 

S MMM-M \^^ , , , J , , g , •lyjL JL • / • 

\ 3. The equations (II.) and (VII.) may be considered as defining x^ 2/p • • • V^ ^^ 
terms of c^, % . . . c^^, and the equations (VI.) will then give fche ratios dc^ : ^^Cg : . . . : dc^ 
in terms of c^, c^ . . . c,,. We thus have ti — 1 differential equations connecting the 
n quantities c^, . . . c^^,. Their complete primitive will involve n — 1 arbitrary constants, 
and by eliminating c^ . . . c^ from (II.) and (VII.) and this complete primitive we 
have a solution of (I.) involving n—l arbitrary constants, which we may call the 
first singidar solution of (I.) 

The differential equations given by (VI.) may have a first singular solution involving 
n — 2i arbitrary constants, and from this we should derive the second singular solution 
of (I.) by eliminating Cj . . . o^ as before. 

This process may go on till we have n singular solutions, with ^i — 1, ^ — 2 ... 2, 1, 
arbitrary constants respectively, or it may stop at any stage. If, for instance, the 
left-hand side of the equation (VII.) were an absolute constant, there would be no 
sinfi^ular solution at all. 

Formation of Singtdar Solutions from the Differential Equations, 

§ 4. The equation (VII.) is the condition that two solutions of (II.) when solved for 
c^, % . . . c^ shall coincide. But, generally, when this happens, the equations (III.) 
give coincident sets of values for p^ p^ - . . p^?. 

of j?! . . . pn from (V.), and become relations (A) connecting c^, c^, . . . Cn witTi a.% and yi, y^j - - - yn wliich 
are given as functions of x by (IV.). 

Now by substituting the values oi p^ . . .p„ from (III.) in (I.), we have integral equations which must 
be included in (II.). 

The number of these equations will be n — m, because m are already satisfied identically. 

These equations are also satisfied if (A) and (IV.) are ; for the values of J9j^ . . .jpn given by (III.) and 
(V.) are then the same and those given by (V.) satisfy (I.). 

The system (II.) will supply exactly m further equations which in combination with (A) and (IV.) 
give the values of C], Cg, . . . C;* in terms of x. 
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If not, that is if the two sets of values of Pi, . . . are different, all the determinants 
of the matrix 



di\ 


8i\ 


3J1 


dx ' 


%i ' ■ 


' " 3?/» 


di\ 


eF. 




dx ' 

9 A 


A A 




at',. 




aF„ 



Sa? 



« • a 



dt/n 



must vanish, (compare § ll, below.) 

The equations (IIL) are then not enough to determine j9j^, p^ * . » Pm and the 
conditions (YI.) do not ensure that the system of equations found by the above 
process will satisfy (I.) and be a solution at all 

In generalj then, for a singular solution, the two sets of values of p^^ p^ • - - Pn are 
coincident. But these are given by the equations (I.). 

Hence generally the equation 



9(i^pi^2' • • *Vn) 







(VIII) 



is satisfied by a singular solution. 

We have, therefore, the following process for finding the singular solution from the 
differential equations (I.) :—- 

Form the equation (VIII.) and let E = be the result of eliminating p^^ Pa? • . • Pn 
from (I.) and (VIII.). Suppose that ^ is a factor of E such that the equation 
d(l>/dx = can be deduced, by substitution without differentiating, from <^ =; and 
(I.). Then, by treating <^ = as if it were a particular first integralt of (I.), which is 
now allowable, reduce (I.) to a system of t^ -— 1 differential equations in n variables. 
The complete integral of this system belongs to the first singular solution of (L). If 
(f) is the only factor of E that satisfies the condition of being an integral, then it yields 
the whole of the first singu.lar solution. 

The first singular solution of the new system of n — 1 equations gives the second 
singular solution of the original system of 7i equations and so on (see also § 15, 
below). 



* Mayer finds this equation as the condition that the second and following differential coefficients, as 
given by the equations (1.), should be indeterminate, and thus shows that (YIII.) must ahvays be 
satisfied by a singular solution. 

t If the phrase "first integral" is restricted to such as involve only one arbitrary constant, we may 
use " singular first integral " for such an equation as = is here supposed to be. 
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Analytical Connection of Different Solutions. (§§ 5-9.) 

§ 5. Let us write J for 8 {fi,/^, . . -fn)/^ {pi, p^y . • • pn) and \, X^' • - • ^« fo^' ^^^ 
minors of dfn/dpi, ^fn/^p^^ • • • ^fn/^Pn in J- 

The equations /^ == 0, /^ = 0, . . . /^ zs; 0, J = give p^, p^? - • • P^^ Vn as functions 
of cc, 2/i> • • • 2//i-iJ3 and, for the second singular solution, we have to suppose that two 
solutions coincide, that is, we put 

Since J = 0, this equation may be reduced, by multiplication by X;^, to 



Now, y^i may equally well be replaced by y^, y^ . , ., or y^^i, so that the condition 
sought is given by the first factor, which we shall call Jp 

The equations /^ = 0, . . ./;, = 0, J := 0, J^ = give p^, p^,^. . . pn, yn-^n yn as 
functions of ^, ^/u • • • ^«~23 and, if the values of p,,„i, p,^, given by differentiating those 
^^ Vn-iy Vm agree with the values given by the solution of the equations, we are to find 
the second singular solution by integrating the equations that give p^, . . . pn-t- 

To find the third singular solution, we have to make the system /j == 0, . . . j^^ =: 0, 
J = 0, Jj = have equal roots. The condition for this is found in the same way"^^ 
to be 

and so we may pass on to the other singular solutions, if any. 

§ 6. As J = Xj ^"^- + X^ ^^ + • • • + ^« Y^5 we may write for the integrals that 
have to be taken to give the r^^ singular solution 



3P/ 

* The condition i^ 



{^^ dvl -^'^ ^ ^ ■ ^''"" ^'^^■■- • •'''^- 



^ (/i» h ' ' ' /«? ^> *^i) 



-^0. 



Multiplied by \ this becomes 

The second factor, being unsymmetrical, is irrelevant. 
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We have also identically 



tx ^ 



dp 



and therefore 



jx 1)'/; = 0. 



X n US 






where A^, A^ . . . k.^ are arbitrary functions. 

These may be so chosen that SA/ is the eliminant offi^f^, . .fn with respect to 
P25 • • • jP^z- We will call this eliminant P^ ; it does not involve p.^ . . . p^. 

The equations then become 



that is to say 



\ ¥J ^'^^ ^ (5=1, 2,. . .r), 



« Xi —> — U 16 — - Xj -"J* * f f }* 



9a/ 



Thus the equation P^ = gives r + 1 coincident values of pi. The same holds 

^^^ P25 P35 • • • Pn' 

If we take a system of values of x^ y,, , , . ?/« such that s consecutive members^ 
of the r^^ singular system of solutions are satisfied, then 5 — 1 consecutive members 
of the (r + 1)*^ will be satisfied, 5 — • 2 of the {r + 2)*^ and so on to the (r + 5 — 1)^^, 
after which none are satisfied. Also 5 + 1 of the (r* — 1)*^ system will be satisfied, 
5 + 2 of the (r — 2)*^ and so on, and lastly s + ^" of the complete primitive system. 

I 7. The second singular solution of (I.) is the first of (VI.) and (VII.) Now 
by (VI.) the ratios dcj : dc^ : . . . : dc^ are given rationally in terms of C|, % . . . c,,, 
and certain other variables x, y^ . . . y^ which are connected with Cj, . . . c^ by the 
equations (II.) and (VII.) The condition that (IL) and (VII.) shall have two 
consecutive solutions is 

a {h\, . . . E,, 11) 



O being written for the left-hand side of (VII.). 
This equation we may w^ite 



0. 



8 3 8 

— h Pi ^ 1- jp2 x— 4" . * . ) O = or AO = 0. 



* Different members of the system are got by giving different sets of values to tlie arbitrary 
constants. 
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where p^^, pg? • • • V^ have the values given by the equations (III.), ana c-^, ('^g . . . are 
treated as constants in the dijEFerentiation. 

Since O =: 0, we may use instead of the operator A, another, V, such that 



dci 9 dcc,^ 3 

dx dc. d^ 9^0 

.1. f-j 



V = -;i ^' + -:-^ -^ -+ . . . 



for AO + VO ==: O: 

By comparing Vfl = with (VI. ), we see that all the determinants of the matrix 



an 3F 



at; 



OF 



n 



an 



ai\ 



)e. 



• ■ a 



fi, 



acn ' a< 



an aFi 

^n OC,, 

vanish. 

§ 8. For the third singular solution we take the further integral equation A^O = 
or V^O = 0, which forms are equivalent, since already fl r= 0, Afl = 0. The argu- 
ment is the same as in § 6, and may be carried on till the last singular solution is 
reached. 

The equations 11 == = VO = V^O = . . . — V"^ ft, which yield the r^^ singular 
solution, show that the equations F^ = = F^ = Fg = . . . = F,„ when solved for 
c^, Cg, . . . Gn^ have r + 1 coincident solutions. 

§ 9. The equations in the other form, viz., = 0, AO = . . . A' "^ XI = 0, show 
that the system 

F^ = = F^ =:... = F^ = ri 



is satisfied by r + 1 consecutive sets of values of x, y^, , . . 3/,,. 

For suppose E to be the eliminant of F^, F^ . . . O with respect to c^, 
have then an identity 

E = AiFi + A2F3 + . . . + A«F,, + Bfl. 



. Cn, we 



Differentiate partially as to c^ c^ . . . Cn in turn, and we have 



GCs r---:l Cic^ 



O 



9B 



n 



t F 



f=i 



9A,. 
9c., 



(5 = 1, 2 . . 7?) 



Eliminating A^, , . . A,, on the left-hand side, we find 



B ^^^LL^^lIA + AiH = ^ n :i^_= -^:^_^ _ 2 



O ( C|, . . . C^) 

MDCCCXCV.— A. 






3 Y 
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Now, ill general, the coefficient of B on the left does not vanish when 
O :== = I\ :== . . . = F^^, and therefore B must vanish for such values^ and must be 
of the form 

C,F, + 0,F, + . . . + CO. 

Thus with a slight change in the meaning of A|, Ag . . ., 

E = Gn^ + A,F, + . . . + A„¥,,. 

Now, AFi = — AF^ = . . . identically, and O — 0, AO = . . . A*""^ 0=0 for 
systems of values that satisfy one of the r^^ system of singular solutions. Hence in 
such a case 

and the number of consecutive solutions of the equations 

E = 0=:F, = F,= ...-F„isr+1. 



Geometrical Interpretations, (§§ 1 0- -1 3 . ) 

§ 10. The geometrical application of the above theory to curves in space ofn-\-l 
dimensions is easy. 

The equations (II.) may be taken to represent a series of curves (that is, singly 
infinite continuous series of points) in such space. Through any point a certain 
number, i, of such curves may be drawn, i being the number of solutions of (II.) 
when solved for Cj, %, . . . C;^. 

At every point such a curve is met hj i — 1 other curves of the system, and at 
certain points one of these i •— I curves coincides with it. 

The direction of the tangent to such a curve is given by the equation (I.) or (III.). 

The first singular solution is the envelope of a series of curves of the system, each 
of which meets the consecutive one, and the locus of all such envelopes is the surface 
{n^^^ infinite series of points) whose equation is E = (see | 4), 

In general, the r*^' singular solution is the envelope of a series of curves belonging 
to the {r — 1 Y" singular system, and such that each meets the consecutive one ; the 
locus of such envelopes is an {n — r + 1)^^^' infinite continuous series of points at 
each of which r + 1 consecutive curves of the original system meet, as also do 
r — 5 + 1 of the .9*'^ singular system. All the successive singular curves touch the 
original curve. 

§ 11. If every curve of the first system (II.) has a node, the equation (VII.) will be 
satisfied at every point of the node locus, but (VIIL) will not (compare § 4). If 
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every curve has a cusp (VII.) and (VIII.) will be satisfied by the equation to the 
cusp locus, but it will not fulfil the condition of being a first integral If different 
curves of the system touch, the tac-locus will satisfy the equation (VIII,) but not 
(VII.). All this is exactly parallel to the known theory of single differential equations 
of the first order. 

§ 12. There is also an application to plane curves. 

Suppose that the differential equations (T.) include the following : — • 

Pi == y^i p3 ^ 2/3 • • • pw-i = yn- 

Then the system (I.) simply reduces to an equation of the r^^^ order and its n first 
integrals make up the system (II.) from which the singular solutions are derived. 
If we write the differential equation 

f{x, y, Pi, p, . . . p,,) = 0, 

putting y for 3/^, then the equation (VIII.) becomes 

df/dp,, =z 0, 

and this is the first integral (if it is one) from which the singular solutions are 
derived. 

The final integral, found by eliminating j^^, P^z * - - Pn-^i from the system (II.), is the 
equation to a system of curves, of which there are i passing through any point and 
having at that point contact of the {n — 1)"' order with any assigned curve through 
it ; all these have contact with one another of the {ri •— ■ 1)*^' order. 

If two of them coincide, then a curve of the first singular system passes through 
the point and has contact of the {n — l)^'' order with each of the i curves, and of the 
n^^ order with either of the two coincident ones. 

A curve of the first singular system can be made to have contact of the (n — 2)*^' 
order with any given cur to at any point of it. 

At any point of a curve of the second singular system three coincident curves of 
the original system and two of the first singular system will satisfy the conditions 
for contact with it of the orders 11 — 1, 71 — 2, respectively, and in each case the 
contact will be actually of the n}^ order, and so in general. The single curve of the 
n^^ singular system is the envelope of those of the {n — 1)'^, but it is more than 
an ordinary envelope since its contact with each of the enveloped curves is of the 
n}^ order. 

§ 13. It should be noticed that if n — - 1 of the dependent variables are elimina.ted 
by differentiation from n simultaneous equations, the new equation, of order n, will he 
satisfied by the same complete primitive, but that its singular solutions will generally 

3 Y 2 
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be different, since the singular solutions of the system do not furnish the same 
values as the complete primitive for any but the first differential coefEcients 
(compare § 17 below). 



Singtdar Solutions Included in the Complete Primitive, (§§ 14-16.) 

§ 14, In certain cases it appears to be possible for the second singular solution to 
exist without the first. 

The ratios dci : dc^ . . . are given by the equations (VI,) and involve x, y^, ^^ • - • 3/«? 
which are given in terms of c^ % ... by the equations (II.) and (VII.), If these are 
not enoufi'h, that is to say, if O can be expressed in terms of c^, Co . . . c,„ there is no 
first singular solution. 

For, from O =: 0, may be deduced 

a further linear equation to be satisfied by dcj^ dc^, . . • Thus either c^, c^ . . . are all 
constantSj or the further integral equation 

\^1? ^3 • • • ^n) 

whose left-hand side we shall call O^, is satisfied. 

In virtue of this equation O = is an integral of the equations (VI.). The values 
of x,yi . . . yn are given in terms of c^, . . . g^ by (II.) and O^ = 0, and by substituting 
these values in (VI.) and finding n — 2 more integrals of the equations so derived, 
we get the second singular solution, containing r^ — 2 arbitrary constants. 

It would, perhaps, be better to say that in such a case the first singular solution is 
included in the complete primitive, the values of the arbitrary constants being so 
chosen as to satisfy the equation = 0. 

If Oj can be expressed as a function of Cj, . . . c« only by means of the equations (IL), 

we must use the equation 

d \r-|, . . . r;i_j, ^1^) 



V^'lj • • ' ^n) 



0, or O2 == 0, 



to find the third singular solution, the second being included in the first. 

Because O3 = 0, O^ = is an integral of (VI.), and because O^ = 0, O = is an 
integral. Therefore ^i — 3 integrals are still to be found. 

This process may be carried on as far as is needed. It is also to be used if II has 
any factor that does not involve x, yi . . , y^'^ 

'^ It so.metimes happens tliat the equations (I.) and (VII.) are enough to define x, yi, , ^ . Vn in terms 
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§ 15. The case of § 14 presents itself quite naturally if we start from the differen- 
tial equations (I.) instead of from the integrals (11. ). Let ^, as before, be a factor 
of E. 

There is no apparent reason why the equation 

dm 

should follow algebraically from the system (I.) and the equation ^ = 0. 

Let Ej = be the result of eliminating p^, P^- - * Pn from the system (L) and the 
equation d(j>/dx = 0. 

Let ^1 be a factor of E^ and let E^ == be the result of eliminating p^ . . . Pn from 
the system (L) and d^^jdx = 0, and so on for ^3, ^3 . • • 

There is no apparent reason why any function in the series ^, ^^y ^2 • • • should 
vanish because all those before it are supposed to vanish. If one of them, say ^^ does 
satisfy this condition, then the equations 

()!) — = ^j =: (j()g = . . . = <j^^.__j 

are integrals of (I.), and by using them and finding n — r other integrals, each con- 
taining an arbitrary constant, we have a singular solution of the r*^ system. 

§ 16. Thus, as in the simpler case when there is a single equation of the first order, 
the existence of singular solutions appears to be the rule if we consider the integrals, 
the exception if we consider the differential equations, and in fact the number of 
conditions for the absence of the first r singular solutions rises with r from the first 
point of view, while the generality of the conditions for the existence of the {r + 1)*^ 
from the second point of view decreases as r increases. 

of Cj, C3 . . . c„5 but that when m^yi . . . y^ are eliminated from (YI.) by this means, an integral equation 
presents itself as an alternative to a differential equation. In such a case the integral equation will, of 
course, relate to tlie second singular solution, for it contains no arbitrary constant. 

Considered geometrically, the second singular solution thus arising will be enveloped by the complete 
primitive, and, therefore, also by the first singular solution (for both lie on the locus of singular solutions 
E =: 0), although it may not be a singular solution of the differential equations (VI.). 

A proper change in the forms of the arbitrary constants would reduce this case to the ordinary one. 
If the integral factor is 0""^ 0*"^ . . ., ^, . . . being functions of c^, % . . . then if in the system of 
arbitrary constants we take 0^ (jf . , . instead of Oj, the factor will disappear. 

In fact the ordinary equation 

or any other, may be transformed so that its singular solution appears as an integral factor. Put 

y==i («^ - ^^) 

and we find 

y — px -jr jp^ — ^ z^ (z'^^ -— 1). 
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Examples, I. Congruency of Bitangents to a Torse. (§§ 17-19.) 
§17. The simplest examples are equations of CLAmAUT's form, such as 



y% ^ P'2^ + PiPo. + pi 



s 



> , 



(4 



The complete primitive is 



y^ = Cp + C{^ + C^. + %, 



-v. 



y^ — c^X + C,C3 + C. 



, % 



> 






(/3). 



The singular solutions are given by the equations 



'^ 



= (a; + 2c^ + %) ^^^'i + (^1 + 1) ^H^ I 
== C3 (icj + (i^ + 6-^ + 2C3) cfc^ 



(r)- 



HencOj by eliminating a^. 

This is also of Clairaut's foniij and its integral is 



t ♦ • e 



(8). 



so that 



Thus 



{1 



lA (^i 



F-<h 



da, : do 



I • • F' 



: 1 



a'- 



f.-Af J 



» e 



(X + 2<?| + %) (1- -"^ jU,) + JU. (Cj -4- 1) ^^ 0: 



2Cc 



pf -»~ ^X -"^ X "4" /^iX'j 



3 



IJj " LLJui 



f * 3 



(^). 



43/j = (^ •— ^) (jLt~ + 3/X + ^'^^ "^ ^/^)? 1 



(0- 



The equations {Q furnish the first singular solution. For the second we must 
make (e), as a quadratic in jj., have equal roots, that is, we must put 



" jF g g aufctwuw*! 



^IX 



e- 



%5 



2(^3 = /x (Cj + 0.3). 
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From these and the former equations we find 



1^ 









G 



z 



\rv.% 



9 



X' 



«/l 2 T-^ 3''' ' 



Vi 



1 ^ 



> . 



'■I 7 



(^)- 



The equations [t]) are the second singular solution. 

We have here an example of what was pointed out in § 13. If we differentiate the 
equations {a) and eliminate yc^ and p<j, the resulting differential equation of the second 
order is 

d^yjdx^ = 0. 

This is satisfied by the complete primitive (^), but not by either of the singular 
solutions. 

§ 18. To find the singular solutions from the original equations, we have first to try 
if the equation 

X 4" ^pi + |>3j Pi + 1 

i%. '^ + %s + Pi 







m 



can be used as a first integral. 

The elimination of pi and jp^ gives 

4 (2/t + y,f + '^^ (^1 + y^f + 4.^V2 + 18^^2 iVi + ?/3) -" 2/2/2' = . . (t). 

It is easily verified that the derivative of this equation is an algebraical consequence 
of it in virtue of the original differential equations. 

I 19. If we take x, 3/^ y^ as Cartesian co-ordinates, the equations O) represent a 
line common to two osculating planes of the twisted cubic {t}), {Q represent the conic 
enveloped by this line w^hen one of the osculating planes is fixed and the other 
variable, and (t) is the equation to the torse enveloped by the osculating planes. 



The General Case, (§§ 20, 21.) 

§ 20. For any other twisted curve there is a similar theory. 
Let 

X + -^yi + B^s + C = 



be the equation to an osculatmg plane, A, B, C being functions of a parameter fi. 
Let A,., B^, C^ denote the same functions of ^ir, and let AV be written for dAr/dfir- 
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Then by eliminating /x^ and fi^ fr^^^i tlie four equations 

1 + Ai^i + Bi p3 = 0, X + A^2/i + ^iVp. + Ci == 0, 
we have two relations which may be put in the Clairaut form 

§ 21. The complete primitive of these equations will represent the trace of any one 
osculating plane on any other. The singular solutions are given by 

{A\y, + B\y, + 0',) ^ = 0, (A',y, + B',y, + C',) '^ = 0. 

For the first singular solution, either fXy or ju,^^ is to be equated to a constant, while 
the other satisfies the equation 

Ay, + B% +C/ = 0. 

The first singular solution is, therefore, the trace on any osculating plane of the 
torse which they all envelope. 

For the second we must suppose both /xj^ and ^^ to satisfy the equation 

A'y, + B'y.2 + C' ~ 0. 

This gives the original curve, which is the cuspidal edge of the torse, together with 
the nodal curve of the torse. The latter is not a solution of the difterential equations. 



Example 11. A Bitangential Congruency. (§§ 22-26.) 

§ 22. Take for another example the equations 

(A+Bp/+Cp/) {B{y,-p,xf + C{y^-p^xf'^l] = {Bp,{y,-p,x)+Cp^{y,^p^x)]\ 
{^+W+cp/) {h{yi-p^xY+c{y^-p^xf^l^ :^ {bPi{yi-Pi^)+op^{y^^p^x)}\ 

These define y^ — piX^ and y^ — p<^x as functions of p, and p^, and are^ therefore, of 
the Clairaut form, and may be integrated by substituting Cj for p^ and c^ for p^. 

The integral in this form will represent four lines of a congruency, which consists 
in fact of all tlie common tangents to the two quadric surfaces 
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ax^ + h/i^ + cy/ = 1- 
The first of the differential equations may be written 

(A + Bpi^ + Cpf) {Ax^ + Byi^ + Cy/ •— 1) = (Ax + By^pj^ + ^y^P^f* 
One of the integrals is, therefore, 

(A + Be/ + Cc/) (Aa^^ + B.yi^ + C^/ - 1) = (A.^ + Btj.e^ + C^/.c,)^ 

ThuSj one of the equations that give the singular solutions is 

(Bci dc^ + C% dc^) ( Ao?^ + By 1^ + C^// - 1 ) = (By^ clc^ + Cj/^ cfc^) ( A^ + By^c^ + Cy^c^). 

v^ mess 

Ax^ + B^// + Cy/ —1 = and Ax + By j^c^ + ^y%<^% ^ 0? 

this mav be reduced to 

*/ 

(Bci dci + 0% rf%) {Ax + B^/i^i + C^/gCg) = (By^ c^c^ ^|~ Cy.^ cfc^) (A + Bc^^ + Gci). 

This last equation only contains x, y^^ y<^, in the combinations t/^ — c^a?, y^ — %a?, 
and the same will be true for the other equation of the same form that may be 
derived from the second equation of the complete primitive. 

From these two equations and those of the complete primitive we can eliminate 
the ratio dc^ : dc^^ and the expressions ^/i — c^x and y^ — cjx, so as to have an equation 
in Cj^ and % only. In accordance with § 14 the first singular solution thus given will 
be included in the complete primitive, and the only proper first singular solutions are 
given by taking 

cix^ + hyf + c^// —1 = and ax + ?^^i<^i + <^//2% = 0, 
or 

Ax^ + Ba/i^ + Cy^^ — 1 = and Ax + ^yi<^i + Cy^c^ = 0. 

I 23. In order to integrate for the first singular solution, it will be useful to 
transform the equations to others in terms of t, u, v^ the values of ft which satisfy the 
equation 



a + /^A h + /^B e + ^G 1 + /i, 
MDCCCXCV.— A. 3 Z 
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The differential equations are then rediiced^^ to 

^''^' -0. 



{u — v) t(l + t) (a + ^A) (5 + tB) (c + ^C) 

aiid 

^ (cW _,^ _^^^ . 

^ (7/. -^ v) (1 -f (a + ^A) (b + m] (c + ^0) ' 



0. 



If A^^ + By^^ + C^// —1 = 0, then i^, if., or v vanishes, say t ; the first equation 
is satisfied, and the second is reduced to 



(1 + %b) {a + ^^A) (h + iiB) (c + ^^0) (1 + v) (a + ^;A) (b + vB) (c + ^0) 

The variables are here separated, so that we have one first singular solution. 
The other is given by taking 

ax"^ + hy^ + cy<^ — 1 = 0, that is ^ = oo , 
and 

{ duf ^ id^_ __^. . 

n (1 + %o) {a 4- ^'A) {h + ^(^'y) {c + '^^0) '^ v{l -\^ v) (a + vA) (J) + '^B) (c + vG} 

Either of these two solutions gives as the second singular solution 

ax^ + hyi^ + cy/ —1 = 0,1 

Ax^ + 13//jL^ + Gy/ »— 1 = 0. 

* In carrying out tlie reduction we may use the formula 

^^^L B%,g Ccyj 1 (a -■ A) (h ^ B) (e ~ 0) (/t - t) ( /i - u) (/i -~ v) 

a T>A "^ b +'/*B + + ^tO "^14- /^ " (a + MyXM^TBH^TTO^^ + (1 + «) (1 + ^) 

and differentiate it, considering jli as constant and t, u, v, y^ yc^ as functions o£ x. 
Tlie expression 

may tlien be expressed in terms of it, du, civ by means of the formula? for x-, y^, y^, in terms of t, u, v. 
It will thus be found that the equation 

/ Aax Bhy^p^ ^^fMlf = ( A^ i ^%i^ , Jhll.. _ -_^L„' 

U + mA "^ & + mB + C + ;i,0/ U + /LlA "^ fe +■ /tB "^ C + /xd 1 + /^. 



^a + /lA & + /M'B c 



Aa Bbi^i^ , Ocpo/ \ 

iiOj 



reduces to 

^^^ : 0. 



(,^ _ ^) (^ »^7t) (1 + (« + A + Bt) (g + 00 
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§ 24. In order to find the other second singular solution let us write T, U, V for 
(te -— v) (1 + t) (a + ^A) (6 + ^B) (c + i^)} ai^d the two symmetrical expressions. 
The differential equations, cleared of fractions, may then be written 

UYuv + YTvt (j^J + TXJtu ( JY = 0, 
UV + VT I^J + TU (^J = 0. 

The Jacobian of these expressions with respect to du/dt and dv/dt is 

4 du/dt dv/dt T^UV^ (v - it), 
the square of which reduces to a constant multiple of 

'PWYhtv {t -^u^^t^ v). 

The factors of this expression are to be considered in turn. 

Now the vanishing of such a factor as 1 + ^ or a + A^ only causes two solutions of 
the equations giving x^ y^, y^ in terms of t, u, v to coincide and only yields a solution 
of the transformed, not of the original, equations. 

The solutions given by supposing t, it or v to vanish or be infinite have been con- 
sidered. The case when two of the three are equal is left. 

If t = u, then V = 0, so that the equations give 

TU {dv/dtf = 0. 

Suppose first that v is constant. 

It is easily found, as in the theory of confocal conicoids, that 

. >3 — (^ — B) (g — C) ^ (a 4- At) (a + kit) {a -f A .v) 

'^ Aa {oB - Ah) {aG - Ac) j^^^~^;^^j^^^ 

with like values for y^^ and y.^^. 

Thus if ^ = tt and. 'y is constant, x, y^, y^ are constant multiples of 

a + At b + Bt G -f Ct 



D "-~ i 



1 + t 1 + t 1 -i- t 

Hence yi and y^ are linear functions of x and p^, p^ are constants connected by a 
single relation since they involve the arbitrary constant v. This solution is therefore 
included in the complete primitive and must be the same as was rejected in § 22. 

o 2j Jj 
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§ 25. If t = u and v is not constant, then TU = and v ^=. % or else (1 •+ t) 
(a + A^) (b + Bf) {o + Ct) = 0. 

The latter condition leads to no solution. 

For the second singular solution we must take t ■=■ u^^ v^ whence we find that 
each determinant of the matrix 



ax^, 


^Vi' 


7W> 


1 


a, 


b, 


c, 


1 


A, 


B, 


c, 


L : 



0, 



if a, ^^ y are the cube roots of 



Aa {oB — AV) (ciG — Ac) 



(b --- B) (c -- C) 



&c. 



§ 26. In the geometrical interpretation it will fix the ideas if we suppose the two 
conicoids projected into confocals. 

The complete primitive represents their common tangents. The first singular 
solution gives the geodesies on each that touch the other, and the second includes the 
curve of intersection, which is the envelope of these geodesies^ 

The common tangent planes envelope a torse, whose generators will be common 
tangent lines. Of the four common tangents to the surfaces from any point of the 
torse, two will coincide with the generator of the torse. The equation to this torse is 
t = ti, and every generator of it is a generator of one confocal of the system. Thus 
the equations t = u, v =^ const, represent the different generators of this torse, and 
their occurrence as an apparent singular solution is accounted for. 

The cuspidal edge of this torse is a second singular solution, and is represented by 
the equations 

Cv, 0, O, 1 

A, B, 0, 1 



0. 



The General Case. (§§ 27-38.) 



27. The straight hnes 



y^ ■=. G^X + ^1 • (l)' 



t/-z = cga; + &3 



. , {Zijj 



where the quantities b^, b^, Cj, c^ are connected by two relations, but are otherwise 
arbitrary, form a congruency, and, if the relations are properly chosen, may be made 
to represent any congruency. 
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Thus the lines of any congruency satisfy differential equations of Clairaut's 
form. 

§ 28. If two consecutive lines meet, the equations (1) and (2), with 

\J zzi OCCvCi ""f" CLO-t . . . . . . . . , . \<^/5 

x) zzz. OOCtCo "i CvOo , . , . . , , . , , \^/3 

must form a consistent system. 

This equation gives two values for the ratio dc^ : dc^, and shows, therefore, that 
each line of the system meets two consecutive lines (Salmon, '^ Geometry of 'J'hree 
Dimensions,'' § 456). 

"We are supposing that 6^, h^ are regarded as functions of C|, c^. 

§ 29. The elimination of c^, %, dc^, dc^ from the equations (1), (2), (3), (4) will give 
the equation to a surface, and the tangent plane to this surface will contain the line 
(1), (2). For the equation to the tangent plane is found by eliminating dci, dc^, d\ 
from the differentials of (1) ajid (2) and of 

iXj —r" ^ "+" A 7^ U. . . . J . . , . |d), 

vb I ob \ 

ai + H'^+avIj^' (^>' 

and substituting X — a^, Y^ ■— ^^ Y^ — y^ for dx, dy^^ dy^. (6) and (7) are found 
from (3) and (4) by the use of the undetermined multiplier X. 

From (1) and (2) we have, considering c^ and c^ and therefore also 6^ and 63 as 
functions of cc, y^, y^, 

dy^ = G^ dx + X dci + db^, 

dy^ = 6*2 dx -^ X dc^ + dhc^, 
and therefore in virtue of (6) and (7) 

dy^ 4" ^ dy% = (<^i + Xcg) dx. 

The equation to the tangent plane is therefore 

"• ■ .^ 

Y^ - c^X 4- X (Y3 — CgX) = 2/1 - CyX + X (yg - c^x) 

= &i + X63, 

and the tangent plane contains the line (1), (2). 
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I 30. Hence if the equation (5) gives unequal yalues for dci : d%> the lines of the 
congruency are bitangents to the surface whose equation is found by eliminating 
6*2, c^, X from (1), (2), (6), (7). 

The singular solutions of the differential equations are the solutions of (5), that 
is, of 

an ordinary differential equation connecting e^ and c^j from the solution of which two 
equations are to be found free from Ci and c^ by help of (1), (2), (6)5 and (7). 
I 31. The equation connecting X, c^, % is 



Now 



= Ci rfx - X g^ d;^! + g^^ dc^, by (6), 



1 3 



But if the differential equation is to be satisfied we must have 

and therefore 
where 






""'i 

J 



so that II is the second root of the quadratic for X. This can only hold at one point 

of contact. 

§ 32. The integral of the equation (5) thus represents a double system of curves on 
the surface, one curve being traced by each point of contact of the double tangent. 
One curve is such that every tangent to it touches the surface again. This is the 
first singular solution. The other curve is the locus of the other points of contact 
of the tangents to the first and is not a solution/^' One curve of each system goes 

* In the case of § 17, tMs curye is found, to be tlie straight line 

2/3 = -- xf-i^ -f 2/t^, 

and it is included in the complete primitive. 

This will always happen if the surface is developablcj for the first singular solution is then the section of 
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through each point of the surface for every double tangent that can be drawn to touch 
the surface there. 

§ 33. As to the second singular solution, it is apparently given by the equation 
X =z fx (these are the two vakies given for — dcjdc.^), or 



If there is such a solution, which is not generally to be expected, it will represent 
a curve on the surface every tangent to which meets the surface in four consecutive 
points. Such tangents to the surface do not, however, generally envelope a curve 
on it. 

Case of a Nodal Citrve, (§34.) 

§ 34. The case of a surface having a nodal curve deserves consideration. 

The tangent to such a curve meets the surface in four consecutive points, and is 
therefore to be counted as a bitangent. The curve satisfies the same differential 
equations as the bitangents, and the two values of x given by the elimination of the 
differentials from (3) and (4) are equal, so that the curve is to be reckoned as derived 
from the singular solution of (5), or as a second singular solution of (1) and (2), 

But here a paradox presents itself. There are two tangent planes, and therefore 
two values of X, whereas the equations (6) and (7) only yield one unless they are 
identities. 

We have then 





db, _ 




db. 


X 


Bcj 




3Co 


db. 


3c„ 


0. 





Generally, these equations are not consistent, and therefore, generally, there will 
be no nodal curve. 

But on the other hand it will generally be possible to find a singly infinite series of 
values of x^ y^^ y^^ such that the equations (1) and (2), solved, for &j, fe^? ^i> <^25 shall 
have two pairs of coincident solutions, and the corresponding curve will be a nodal 
curve on the surface. 

The explanation of the paradox is that the surface will generally have other 
bitangents as well as those belonging to the given congruency. These will form 

tlie surface by a variable tangent plane and the tangent to this section touches the surface again at a point 
on the generator along which the plane touches the surface. The generator is therefore the locus of the 
second point of contact, and as it is the intersection of consecutive tangent planes it is included in the 
complete primitive. 
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another congruency, satisfying another pair of differential equations, which the nodal 
curve also satisfies. 

For instance, the normals to an ellipsoid are bitangents to the surface of centres, 
but there are other bitangents, which form three more congruencies (see Salmon, 
^Geometry of Three Dimensions,' § 511a), The double curve satisfies the differential 
equations to the congruency of ** synnormals." 

If we reciprocate we find the same paradox in relation to the double tangent planes. 
The line joining the points of contact will generally belong to the second congruency, 
and the cuspidal edge of the torse which it generates will satisfy the differential 
equations to this congruency, and belong to its second singular solution, the corre- 
sponding first being included in the complete primitive. 

Case of a Cuspidal or Parabolic Curve, (§35.) 

I 35. At first sight it would appear as if a cuspidal cur?e ought to satisfy the 
differential equations to the bitangents, since any tangent to it meets the surface in 
four consecutive points. But the consideration of the reciprocal surface shows that 
the tangent planes drawn through such a tangent include three coincident ones, not 
two distinct coincident pairs. The tangents to a cuspidal curve and the inflexional 
tangents at parabolic points are therefore not to be counted as bitangents. 

When a surface is varied continuously so that a nodal curve changes into a cuspidal, 
some of the bitangents become chords of the cuspidal curve, and among them are to 
be reckoned the tangents to that curve. In the same way the inflexional tangents at 
parabolic points are included in the congruency formed by the intersections of tangent 
planes at pairs of parabolic points. Thus in a sense the congruency of chords of the 
cuspidal curve, and that of double tangents to the torse enveloped by the tangent 
planes at parabolic points, are limiting forms of bitangential congruencies belonging 
to the surface, though they cannot be considered as true bitangential congruencies 
belonging to it. 

Digression on a Certain Singularity of Surfaces, (§§ 36, 37.) 

I 36. If, however, the curve is both cuspidal and inflexional, in a sense which we 
shall shortly explain, the tangents to it are true bitangents to the surface. 

If we suppose the inflexional tangent at each parabolic point to coincide with the 
tangent to the parabolic curve, then that curve must be plane or else a double curve 
on the surface. For the tangent plane at each parabolic point coincides with that at 
the consecutive point along the inflexional tangent, and hence the tangent plane is the 
same all along the parabolic curve. A double curve will, however, satisfy the con- 
ditions, if we consider the tangent plane at each point as indeterminate. But a nodal 
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curve will be an irrelevant solution, unless it has the singularity in question on one or 
other of the two sheets. A cuspidal curve may yield us the true solution. 

Now it is easily proved that the osculating plane of a curve traced on a surface 
will coincide with the tangent plane to the surface when it touches one of the inflexional 
tangents, and only then. The osculating planes of the curve we are discussing will, 
therefore, be the tangent planes to the surface at the points where they osculate the 
curve. 

Thus the singularity under discussion consists of a cuspidal curve^ such that the 
osculating plane at every point of it touches the surface at that point. The corre- 
sponding singularity on the reciprocal surface is of the same kind. 

§ 37. To prove this write the equation to the surface (multiplied by a factor, it may 
be) in the form X^^ =: fixfj^, X, /x, ^, \jj being functions of x, y, z, such that <j& = i/i =: 
are the equations to the cuspidal curve. 

Put 

then 

Suppose now that 

^ = ^ + ^3 + <^3 + . . . 

^ = 2/ + ^2 + ^3 + . . . 

(I)r and xlJr being homogeneous in z, y, x and of the degree n 

Then we may deduce expansions for y and z in ascending powers of t and x as 
follows — 

+ cc'- (8 + €^^ + ...)... 

z = a!t^ + ^'i^ + . . . 

+ X {yt^ + • • 

+ x^ (s' + e't^ + ...) + x^ (r + . . .). 

the first power of t being absent throughout. 

More generally, we have in the neighbourhood of a cuspidal curve (t = 0) expansions 
of the form 

X sr: Xq -p tX^ -j- t X^ "T" . . . 

y ~yo + i¥i + ^% + . . . 

z = Zq '{' tzi + t\ 4- . * * 

MDCCCXCV. — ^A. 4 A 
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where x^, y^ , , , x^, ^i • • • ^^'^ functions of a second variable u, such that all the deter- 
minants of the matrix 

^ly Vv hy "^'-h 

"^'0^ y^y ^0' '^'^•''o 
f t ^ t f 



vanish, dashes being used to indicate differentiation with respect to %^ and dots 
differentiation with respect to L 

If ^^ y]^ I, 0) are the determinants of the matrix 



X, y, z^ IV 

• « • • 

X, y, z, w 

x, y', z, ■w' 



then tlie reciprocal surface is the locus of (£, t], (, o). 

We will now iind whether the curve ;; = on the reciprocal surface can be cuspidal. 
If ^, r], l, CO are expanded in powers of t we have at once ^^j = 0, ijo = ^' ^o = 0? 

cuq = 0, ^r denoting the coefficient of if in ^, and so on. 
We also find 



«k) ^i + Vi) Vi + ;^o Ci + n) <^! 



0, 
0, 
0, 



'%? !/o? %? '^^0 

%? :?/3? %? % 
, / / f f 



2AiLj say. 



and hence, differentiating the first and using the thirds 



^0^/ + Voli + ^oC/ + ^%w/ = 0- 



xjlISO 



%''^i + ^o''^i + ^d%i + <'^i = 2 



so that 



ff ff // // 

^0, 1/oj %j '^'^0? 

'%3 ^25 %5 '^2' 

/ f f . f 

^0 5 !?/o ? ^0 ? '^^0 > 



•<f/ + yo'^j' + %'C/ + <^/ = 2A. 



— 2A, saj, 



OF SIMULTANBOUB ORDINAEY DIFFERENTIAL EQUATIONS. 



547 



If X^ /A are quantities such that 

«i = ^% + /^^o'. Vi = ^Vo + m^^ etc- 

then it is clear that A| = /xA. 

Hence^ if A = 0, all the determinants of the matrix 



M> '^.l' blJ ^fl 

^%'> %> bOl .^S, 
/; / t Y f f 



vanish. 



This is the condition that the curve ^ = should be cuspidal on the reciprocal 
surface, for the common factor t has to be taken out of the expressions for |v '^? C? ^s 
and the expressions for the coordinates become 



^jt •= f,_ ■+ fgi^ + . . . etc. 



We find, moreover, that 



SO that the reciprocal surface satisfies the condition 



ft^A = 0, 



b^3j '*?3^ ^3? ^3 
fl^ %. C/, ^]' 

bi J ^/^ Ci/^ <^i^' 



0, 



which is of the same form as A = 0. 

Hence this singularity is of the same kind as its reciprocal. The tangents to a 
curve of this kind are true bitangents to the surface, since they meet it in four 
consecutive points, and their reciprocals meet the reciprocal surface in four consecutive 
points. 

Lastly the condition A = is that which must be satisfied if the tangent plane to 
the surface, namely 



'^i Vi 



■y 



tv 



X 



(p 



2/03 



^0» '^^0 



X 



5 !/o 5 '^0 > '^^ 







0, 



^^f if^9 ^3j "^^^z 

coincides with the osculating plane of the cuspidal curve, that is 

4 A 2 
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00 j 


y^ 


%, 


%^ 


Xq, 


2/0. 


%> 


tVQ 


Xq 5 


Vo^ 


% 5 


IV^ 


•^0 ? 


yo\ 


7. ^' 


<' 



::= 0. 



This proves the theorem. 

It is clear that the cuspidal edges of developable surfaces belong to this category, 
and thus the second singular solution in Example I. is accounted for. 



Example III. (§ 38.) 

§ 38, As an example, we will take the system of lines represented by the diiferen- 
tial equations 



Vi 



3 — P%^ + ai^i • 



It will be more convenient to use y^ z,p, q instead of ^|, y^, Pi'> p^. 
The complete primitive is clearly 

+ 1 9/ 

The singular solutions are given by the system 



We find 



X d^ + v^ dp = 0, 
X dv -{- fx dfjL = 0, 

i 

X — — /X 2^5 

H^ dfi -^ p dp =^ 0, 
-|^i -|- ip^ = c, a constant. 



Thus, for the first singular solution 






y 



z 



f i^^ (2c — ir'), 

fJLX + ^P^ 

Y^p (18c — op^), 

px + i/^'^ = ^ (gc -^ 5^3^^ 



Sv 



By eliminating z^ from these equations we have the two equations to a curve 
belonging to the first singular solution, that is to an envelope of the bitangents. 



OF SIMULTANEOUS ORDINARY DIFFERENTIAL EQUATIONS. 549 

If now we take the other value of x given by the quadratic x^ =l jjlv^ we find for 

the other point of contact 

^.s -- _ |p^(2c — p^), 

y— — 1-2-^(180 — Vdv% 

The elimination of v from these equations gives the locus of the other point of con- 
tact. 

There is no second singular solution. 

The equation to the surface which has the lines for bitangents is to be found by 
eliminating /x, v from 

y — fix + -I z^-^ 

z = vx -\- I /x^ 
It is 

3125^^1^ - 90000?^^ + 8100xhfz + 2592;^%^ — 1944^^^ — 2592ajy2;* + 648j/%^ = 0. 

Any point of this surface may be represented by the coordinates 



The direction cosines of the tane^ent plane are proportional to 



.3 __ Jk^ t _ ^..3 



V- --—. t-^v 



Hence if the line 

y z=.hx ^l 

z = mjX + ^'^ 
is a tangent to the surface at this point, we have 



^3 



:3 



and therefore 



^ -^™ zz: Z^ -4- ^. 
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If the straight line is a bitangent, these equations are also satisfied when other 

values ^2> ^1 ^^^ P^t 11^ ^^^ place of ^, v respectively. 

Hence v and v^ are either the same root^ or different roots of the equation 

that is, 
or else 

V + Vy 



and 



Z/ -f- 7/, '^^ 



Also f/V and ^Jvi are either the same or are different roots of the equation 



3 {^Ivf - 2h {^jvf - 2n ^ 0^ 



in which case 



or else 



t 



The solution 



is irrelevant ; the solution 



^ — ^^15 i ^ — $1 



gives the original congruency, and 

p = p^^ f ^ + f j^ zr: pz^'^ 

gives 






fe 



A new series of bitangents is given by taking 



We have 





^Iv 


- 


- ^V^^o 


../. 


^1- 


v^ 


-\- vv 


i + 


-^1 •■ - 4 


'fri {v 


Wrt»l«i^ 


v^v^ 




11 {v + 


^\)^ 




r 


-k- 




I 
V 


1^2 
3^ 5 






— k 


^1 

^1 


I 


3^1 


> 
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whence 



V Vi 



or 



Avp. = j/^ -j- j/,^. 



Hence we deduce that 



Y-^m^* 



The elimination of ^, by help of the equation 

gives 

8192n(F - 2nf --SSAJcm^Un - F) - 243mS = 0. 

These two equations, connecting k, I, m, n, define the second congruency of 
bitangents to the surface. 

A third, is given by combining the equations 

^>^ + ^ ^ ^f + ^, 

The result of elimination may be expressed by saying that the expression 
256t^^ + ^u^ {Ulm -^ m^) + 18t^ (21^%^ -^ Im^) »- %P (m? — 3^)^ 

contains the expression 

27 u^ ^ 2u (F -~ ,1 %lm) -^ 2n (P -^ 2n)^ 
as a factor. 

The surface has a nodal curve and a cuspidal curve. These are found by expressing 
the conditions that the equations 

z =. vx + ^orJ^lv^\ 

solved for v, may have a pair of common roots. 

If the roots are different we have a nodal curve, to wit, the curve traced by the 
point 

\9^ ? 8 I^ ? 8 ir / 

for different values of t 
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If the roots are equal we have the cuspidal curve traced by the point 

It is easily verified that the tangents to either of these curves are included in the 
third congruency of bitangents to the surface, and that accordingly the curves will 
satisfy the differential equations to that congruency « 

The cuspidal curve on this surface has the property discussed above (§ 36), and it 
is for this reason that its tangents are included among the bitangents to the surface. 



Example IV,— Inflexional Congruencies, (§§ 39 to 50.) 

§ 39. When the two values of dc^ : dcc^ given by the equation dh^dcc^ — dc^dhc^ = 
(§ 28) coincide identically, the lines of the congruency are inflexional tangents to a 
surface. 

For if the direction-cosines of the normal to a surface at the point {x, ^/i? y^ are 
proportional to I, m, n, the directions of the inflexional tangents are given by the 
equation 

dxdl -f dy^dm + dy^dn = 0, 

Hence, from the last equation of § 29, we find that the directions of the inflexional 
tangents in that case are given by 



d\dy.2 = dx (dc^ -f- Xdcc^ + c^dX). 



But the equation 



do' 



db 



x -f- 



dc 



d 



Gc 



= 



has equal roots, so that 



X 



— 2 






OG. 






da 



3/ 



xdco + dh 



2 



X -^ t:^] dc 



ch 



BgJ 



2 



+ 5r^^i 



3(^1 



db 



gf (^^1 + ^^^s) 



Thus 



96. 



dy,2 — c^dx = ~ (dcj^ + Xdc^) 
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and the above equation for the inflexional tangents becomes 

{dy^ — Cc^dx) i^-^dX — dx) = . 

Hence one of them is parallel to the plane y^ = c^x. 

But it must lie in the tangent plane and pass through the point of contact. It is, 
therefore, tlie line 

2/1 = (^i^ + K 

y^ = c^X + 0,2, 

which was to be proved. 

It is remarkable that though from this point of view a congruency of inflexional 
tangents appears to be a particular kind of bitangential congruency, yet when they 
are considered from the point of view of the surface, the one is as general as the 
other, and every surface, whose degree is not 2 or 3, has one of each. 



Degenerate Inflexional Congvueneies, (| 40.) 

§ 40. An interesting question arises as to whether there is a degenerate form of the 
inflexional congruency when the surface it envelopes is replaced by a curve. In such 
a case the lines of the congruency that meet the curve at any one point will form a 
cone, and the cones belonging to consecutive points of the curve mu^t not meet each 
other, for if they did they would envelope a surface, and the congruency would be of 
the bitangential kind. The only kind of conical surface that will meet the case is 
easily seen to consist of one or more planes touching the curve, and the congruency is 
made up as follows : Planes are drawn through the tangents to a curve according to 
some fixed law, and lines are drawn through the points of contact in each plane. The 
planes will envelope a torse on which the curve will lie, and thus the congruency may 
be said to consist of all the tangents to a surface at the points of a curve on that 
surface. 

The existence of these two kinds of congruency appears to have been overlooked in 
the classification given by Salmon ('Geometry of Three Dimensions,' § 453). It 
might also be desirable to break up the first category given there into two, the 
bitangents to a surface and the bitangents to a torse, that is, the. *' Imes in two planes " 
of a curve. The third category would then have to be divided into three, according 
as one, each, or neither, of the surfaces was developable, and the fourth into two. 

• 

Consideration of the General Surface. (§§ 41-49.) 
I 41. Take the surface 

(p \Xj IJli 2^2/ ~~~ ^ » • • • •• • • » • \/* 

MBCCCXCV.— A. 4 B 
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I he line 



y^ =z CjX + &i 1 ..•'••••• • (2), 

(J ' — — ' X^ntAJ "■■"]""" L/i^ « » • • ■ 9 • » » • \tj J y 



will be an inflexional tangent if the equations 

M = 0, aM/a^ = 0, d^wjdp? = 0, 

are satisfied together, where 

M = <^ {/x, G^ii + &l5 %f^ + &^)' 

By eliminating //, and putting p^ for C;^, Vi-^Pi^' ^^^ ^v ^^-^ "^^^ have two 
equations of Clairaut's form satisfied by the lines of the congruency. 
§ 42. For the singular solutions we have 

Xdc-^ 4" dhi :=::= . .,.».... (4). 

OCCtCo ""i" CvOo ^^ Ue . . . . . . . .'. V/' 

BM , , aM . \ dM .. , an ,. .. a bm \ . . 

-^- do I 4" ^~ aco + ^^T- <^6i + 'Tr' ^^s ™ ^5 because -;;—=:= . . . . (6), 
^-,. dc. + '^--^ «c, + ;r-^^ ao, + -i^^d^r f*^., — O5 because ^— ,- =r . (7), 

a^M , , a^M , , a^M „ , a^i „ , a^M , ^ ,„. 



ayx» aci 1 ^ a/t^' acg 2 ^ a/x2 a&i ^ ' a^^^a^^ ^ ' ^ij^ 

But 

aM aM aM bm 

—— ■ 1 1 — ^ — J ^. .. „ ^ m^ /x — * 

a^T^ ^ a&3^ ac'g ^ 9/>2 

Hence; by help of (4) and (5), (6) gives 
and (7) gives 

, f a^M , , a^M , ) ^ aM , , an , ^ 

Therefore 

aM ,■ , 3M , 
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and either 






Also (8) becomes 



a^M 



()»M 



a^M 



dm 



a^M 



^^ - ^) Wdb; ^'^ + paj; ^'^^ + 2 je^i^ ^«i + e^g;- ^^^21 + 3;^ ^z- 



0. 



43. First, let ii = x. Then 
M = (^ («, 2/1= 2/3) - 0' 

aM a<f> 3"^ I S"i^ 



a^ 

dx 



0, 






= 0, 



an (fe , an cZc, 

db^ dx dbc^ dx 



d(h dc. . deb dcg 

r 1 J — X — A -~- Q^ 

oy^ dx 3^2 dx 



The last equation and the equation (8) are satisfied in virtue of the first three and 
the equations pi = c^, p^^ = c^. 

The integral of these equations represents a series of curves on the surface ^ =z 0, 
each taugent to each curve being an inflexional tangent to the surface. 



Second Singular Solutions. (|§ 44^ 45,) 

§ 44. If there is a singular solution of these equations, it is given by supposing two 
consecutive curves of the series to intersect. At their point of intersection the 
inflexional tangents will then be in the same direction, and the singular solution 
therefore appears to be the locus of parabolic points on the surface. We shall^ 
however, find that this curve is not a solution at all in general. The consideration of 
the reciprocal surface suggests that a cuspidal curve may supply a solution. We 
begin with the parabolic curve. 

We take, as a trial solution, 






dx^ 



dxdy^ 



dxdi/i 



dx 9^3 



K 



dx dy^ ^ 82/1 87/3 dy^^ 

4 B 2 



a<^ 

dw' ' 

a<^ 
a^ 

%2 * 



K 



K 



55(3 PEOFESSOE A. 0, DIXOF OF THE SIFGULAE SOLUTIONS 

111 ordei^ to test whether this is a solution, we differentiate totally, multiply by 
1, c^, c^, and add, and we have 

^ ^ ^ 1 3^1 ' ^^ 3^/3/ \o^^ ^ 3^/1 ' - d^J ^ dx dy^ dx dij^ 

where the dashes outside the brackets indicate that in differentiation c^ and c^ are to 
be treated as constants. 

In this equation the substitution p^ = Ci^ p^ = c^ will make the coefficient of k 
disappear, but the other terms will generally not vanish, and therefore the locus of 
parabolic points is not generally a solution of the differential equations of the 
congruency. - 

It is, in fact, generally speaking, the cusp-locus of the first singular solution. 

§ 45. Suppose, now, that the surface has a cuspidal curve. It may be shown that 
this is a solution. 

For at any point {x^ y^, y^) on the surface, the equations 



2/i- 


CiX -f &i, 2/3 = 


--. e^x -f' ^25 




M- 0, 


dM/dfx - 0, 


dm/dix^ = 


= 


are satisfied by putting 








fl = X, 


^1 Vi """ ^i"^} 


h~y-z- 


■ c^x 



if Cj, C3 are determhied by the equations * 

^4. 3^ , ^^ = 

dx ^ 3z/i ^ dy^ "~" ' 



0. 



From the latter may be deduced, by differentiation, on the supposition that 
dx = dyjci = dyjc^, which is consistent with <jf» = 0, that 

The equation (9) holds all over the surface. 

Now, at a singular point where there are two coincident tangent planes, 

3^ 3^ 3^ __ ^ 

ox oy vy^ 
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and 

is a perfect square, so that the first equation for c^ and % is nugatory, and the second 
may be written in any of the forms 

— — _L. Q - — - — J-. Q — ::;::z Q 

dw^ ^ dx d^i ^ dx 82/2 ' 

^ av . ^^ _ ' 

ox diji ^ dyi^ ^ d^i dy^ ' 

d^ d^ d^ _ 

The equation (9) will therefore not contain the differential coefficients of c^ and c^, 
but will be available to determine c^ and c^ themselves. 

If there is a cuspidal edge these things hold at every point of it. Let m^^, m^ be 
the values of pi^ p.^ taken along the edge, and let us write D for the operator 

9 , 8,3 

— L. fffl^ --4-- 'fflr^ • 

due ^ dyi 8^3 

Also we may put 

The equations giving the inflexional tangents are then 

+ ^1 a3/j« + '^P^^^dy,%, + ^^^^^ 3^183// ^^^^^ ay/ ~ "• 

We shall show that these two equations will, if py, p^ are considered as coordinates, 
represent a plane cubic and one of its inflexional tangents. 
We have 



D It = 2X DX, &c. 



Thus, 



= 2 (X + j"'i^i + jU'z'^a) (DX + '^''h D/^i + "W^s D/^s) 
= 0, 
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for tlie first factor clearly vanishes^ since X^ /x^, /x^ are proportional to the direction 
cosines of the tangent plane. 

xxlSO 

= (X + ixjWh^ + ix^m.^) (DX + p^ D^i + p^ D/xo) 
+ (X + /xipi + ix^ix^) (DX + m, D/ii + m^ D/xg) 

= (X + /xiPi + /xgjp^) (DX + m^ D/xi + ?% D/xg), 
and 

^ a^3 + ^Pi -^ a^a^^ ■+• ^p^ ^ a^az/, + ^'^ ^ dy^ ^ ^-^^^^ ^ a^, a^, + ^^^^ ^ ay/ 

"■= (^ + i^iPi + /^2P2) (DX + pi D/xi + 2% D/^s)- 

Thus the point [m^, m^) lies on the cubiC;, its polar line is X + f^iPi + I^^P^ ~ ^> ^^d its 
polar conic consists of this line and another. Hence the three solutions of the two 
equations coincide, and we have p^ =^ m-^^ p^ = m^. 

Thus the cuspidal edge is enveloped by the inflexional tangents, and is a solution 
of the differential equation of the congruency. 

If the surface has a nodal curve the equations M === 0, aM/a/x = 0^ a^M/a/x^ = are 
apparently satisfied along it^ but these equations^ as they stand, are not enough to 
determine c^ and Cg, and when c^ and % are evaluated by means of another differen- 
tiation they are not generally equal to pi and p^ taken along the nodal curve. In 
fact there are two inflexional tangents in each sheet at every point, and the tangent 
to the nodal curve is not generally the same as any of the four. Hence the nodal 
curve, as such, is not a solution/''^ 



Another Second Singular Solution. (§ 46-49.) 
§ 46. Let us now take the alternative of § 42 and suppose that 

■ ■ a^M , ^M_ _ 

* The lines that touch the surface at points on the nodal curye form snoh a degenerate inflexional 
congruency as was discussed above (§ 40), and they will satisfy the differential equations to the inflex- 
ional congruency of the surface in the unreduced form in which we have used them. The tangents to the 
nodal curve form a first singular solution included in the complete primitive, and the nodal curve belongs 
to the second singular solution which also includes the cuspidal edge of the torse enveloped by the 
tangent planes. 
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Then as c^ and c^ are not both constant, we have N = where 

dfji dbi d\ Bfi aSg dbi 

This is a further condition connecting 6^, b^, c^, c^, ft. From it we deduce 

aN , aN , , aw. ., , a^ ,, , a^ , 
ai;^^"i + a"^^"^ + a^^^i + a"^^^^ + a^- ^^ = 0- 

From this and the former equations we can again ehminate the differentials. 
Suppose the resultant equation to be P = 0. Then the equations N = 0, P = afford 
an integral of the differential equations. We will verify this. 

§ 47. N = may be replaced by 

dh, ^1 + db, ^"2 - 0' 

8/^a&i 1 + 9/* 852^3 - 0, 

where C^ and 0, do not both vanish. 
Also P = may be replaced by 

/3N dm ,, , /8N 8N\ ^ , 8N ^^ „ , , 

(8.r-^=8^j^i + i8.;-^8i;)^^ + 8;^^=0. . . . (10). 

(^-«=)ap^i;C!, + (^^-*-jg^G,+ g-^3K=o . . . (11). 

We have also M = 0, 8M/8(U, = 0, S^M/S^a'-^ = 0. 
The last three equations give 

if we write g\ for dcjdx, &c. 
We may then put 

l^^'i + b\ = "^G^y [ic^ + b'^ = uG^. 
They also give 

a^M ^ , a^M .^ , . aM , , aM 



=: 0. 
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SO that we may put 

Further, they give 

whence, by comparison with (11), 

uK = (^jjj — a?) /t'. 
Again, since N = 0, 

a^^^i + a^ "^^' + 95; (^ ~ ^^) ^^ + ai; ^'' ~ /^^) ^^ + a77=r^ 

Multiply this by ju, — x and (10) by tt and subtract. 
The equation connecting u and v is then found to be 

/3N SN" 3N 3isr \ 

Thus in general u — jjlv =: — t^^r, that is, g\x + ?>'i = = c'^o:^ + ^^s Q'l^d the 
differential equations are satisfied. 

§ 48. In the case when N = 0, P -/= 0, we still have 

but the ratio dc^ : clfe^^ is unassigned. 

The equation to the tangent plane to the surface at 

(/i, C^/X + &i, Cg/X + 63) 

is, as always, 

(^1 - ^1^ ~ ^1) 9^ + (2/3 -- %^ - ^2) ^ = 0. 

Hence, when N = 0, the tangent plane at any adjacent point is 

Thus the tangent planes at all adjacent points pass through the same straight line 
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Hence the point is a parabolic point on the svn^face, and the line of the congruency 
is the intersection of tangent planes at two consecutive parabolic points. All such 
lines will generate a torse, and they would belong to the first singular solution were 
they not already in the complete primitive. 

§ 49. The intersection of two consecutive generators of this torse is given by the 
equations 

^ = — dbjclc^ or -— dhcijdc.2, 
where fej, c^, 63, Cg are connected by the equations 

M = 0, aM/a/>t = 0, a^M/a/>t^ == o, n = o. 

These equations are satisfied if P = 0, and therefore the cuspidal edge of this 
torse is the second singular solution given by taking N = = P. 



A Particular Example, (§ 50.) 

§ 50, As an example of an inflexional congruency, we may take the system 
of, lines 

y = 3a^¥x + ^ ?>» (1 - 6a^), 

zz=:b^l + 2a^)x-^a^¥. 

These are half the system of inflexional tangents of the surface of § 38. 
It is easily verified that the cuspidal curve is a second singular solution, and the 
nodal curve not. 

The first singular solution is given by 



X = aJ/\ h := constant. 



It i^ 



IS 



t^'^ 



y==-^ + ih\ 



x"^ 



^ -— 2 7.13 ' ^ ^ • 



The system 



MDCCCXCV. — A. 



/ = 


Cv 


-f6« 


Z r 


4 c 


-- a¥ , 
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which includes the other inflexional tangents to the same surfacOj would serve 
equally well. 

This example shows that it is possible for the inflexional tangents to a surface to 
form two distinct congruencies. The parabolic and cuspidal curves, moreover, 
coincide. 

Example V, — System of Curves in Space, (§§ 51, 52.) 

% bl. As another example, take the equations 

dx^ dy^ d 



.# 



The complete prhnitive is the result of eliminating t from 

1 1 1 

2x' = i^ + "T ? 2t/ z= a^ + ■"— , 2z = ht 4- -- 

t ^ ' at ^ bt 

a and b being the constants of integration. 

Tlie curves represented are conies touching the six planes 

The first sinfrular solution includes six forms™ 



rv* I "I 



% = 


= u — 


1 


22 


>™- CU 4" 


1 

cu ' 


2a = 


= u -\- 


1 


2x 


^ CU -{- 


1 

, . -■ « 

cu ' 


2x- 


= u — 


1 

u ' 


2// 


— cu + 


1 

e/io ^ 



V l" I "5 

ff 111 All HI j/ 

^ == d: 1. 

in each u is a variable parameter, and c an arbiti'aiy constant. The curves repre- 
sented are conies inscribed in the six faces of the cube contained by the planes 

x^ ±1, 2/^ ± 1, ^= ± 1. 

The second singular solution consists of the twelve edges of this cube. 

§ 52. If we seek the singular solutions by means of the differential equations, we 

take 

p^x^ — 1) - iy^—l) = 0, 

g3(^3« 1) - (Z^ - 1) = 0, 

and form the Jacobian with respect to p and q. 
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We thus find 

pq{x^ — 1)^= 0, 
whence 

.X = Jt: Ij or ^ = i 1, ov z '=:^ i 1. 

Any one of these is found to be a singular first integral, and to reduce the equations 

to one of the form 

p^{x^ --l) = y^ ^ 1, 

which we have seen how to integrate. 
The singular solution of this is again 

(cc^ — 1)(2/^ ~ 1) ^ 0. 

System of Plane Curves, Another extension of Clairaut's Form. (§§ 53-55.) 

§ 53. There is an extension of Clairaut's form to higher orders, with one dependent 
variable. 

Write pr for d/yjdx\ so that p^ will mean y. 
Then integration by parts gives (r being "t n), 

^Pn+ioo'dx = x'pn ~ rx'-^p,,^i + r{r — l)x'-'' p,,^^* • • + ( — l)'-^^ ^' Pn-v^ 
Call this expression q,-, and take the equation, 

This may be solved at once by difierentiating ; since 
we have 



Pn+l 



U^Q U(/i C^2 V(lu J 



The first factor gives the complete primitive, which consists of the equations, 

where a^^ a^ . . . a;^ are constants, connected by the relation 

^ (o^Q, a^, . . . a,,) = 0, 
but otherwise arbitrary. 

The value of y may be found as follows — in the equation 

cir x''"'' = pnX'' — 'rp,,_i xi"'~^ + r (t — 1) _p,^-.2^''~''^ • • • 
take differences with respect to r ; thus 

^'arX''''' = ( — ly 5 ! ir^->,,_, + ( - iy+' 2.3 ... (6' + 1) rx'^-'-^p^^,^, + . . 

4 c 2 



564 PROFESSOR A. C. DIXON ON THE SINGULAR SOLUTIONS 

Put now ^'^ = n^ r = 0, and we have finally 

the constants being connected by the relation 
I 54. The factor 

equated to zero, leads to the singular solutions^ the first integral being found by 
elimination of ^9,^ from ^ = by means of it. 

Thus the solution of ^ {qQ, ^i . . . qn) = is exactly on the lines of that of 
xjj (xpi •— y, pi) = 0, which is Claikaut's form. 

§ 55. The equations to be integrated in finding the singular solutions are 



da^ da^ da. da^ 



CvCi/fx CvCti-t ttCtcs Ltt(/^ i| 



( =^ x), 



For example, when n ^=^ 2, we have 

If (cIq^ fii, a^) are taken as Cartesian coordinates, the solution represents curves on 
the surface <j) = 0^ the tangents to which are parallel to generators of the cone 
a^^ = %%5 that is to say, meet a certain curve at infinity. The second singular 
solution is given by forming the envelope of such curves, which does not generally 
exist, but may in particular cases. 

Example VL (§ 56,) 
§ 56. As an example take the equation 

{%2^3 - PiJ^ = 4P2 (Pi - *^i%)^ ^i' {%% - (h^f + 4Mi'' = 0, n being 2, 

The complete primitive is 

iac^y ^ 1 + 2c + ia^^x + ia^^c^x^. 

The equations giving singular solutions are 



(1 4" 6a%%) . da + 6a^c% . dc =: 0. 
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The result of eliminating x is 

c^ da? + 3 (c (ia + a do) { (1 + 2c) c d!a + (3 + ^<^) <^dG\ =- 0. 
The complete primitive of this is 

a? — 6ac^a — 6a^c^ =: 0, 



and for the singular solution of it we must take 



a 



= 3ac^ = — 2ac, 



The solutions a =: 0, 0=0 arise by giving a the particular value zero, and the 
true singular solution is 

2 + 3c = 0. 



Hence for the first singular solution 



(^ —- 6ac^a — 6a^c^ = 0, 
a^x^ — Zo^x + 3a^ — 1 == 0. 



For the second 



X = y^. 



This is the equation to a parabola. 

The curves of the first singular system are hyperbolas, having their asymptotes 
parallel to the axes of coordinates and having contact of the second order v^ith this 
parabola. 

The complete primitive represents a series of parabolas with axes parallel to 
the axis of y^ and each having contact of the second order with some one of the 
hyperbolas, and, in fact, with two of them, since a is given in terms of a and c by a 
quadratic equation, 

§ 57. In order to make up further examples we only need to take : — - 

(1.) A curve A, 

(2.) A series of curves A^, depending on one parameter, each having contact 
of order n with the curve A. 

(3.) A series of curves Ag, involving two parameters, each having contact of 
order n with some one of the curves A^, and so on, till we have a series of curves A^^, 
involving n parameters, each having contact of order n with some one of the 
curves A^^y 

Then A^^ is the complete primitive of a differential equation of order n, An^i will 
be a first singular solution, A;^_^. an r*^ singular solution. 



